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Abstract
We study the intersections of gradient trajectories and holomorphic discs with Lagrangian boundary conditions
in cotangent bundles, and give a construction of Piunikhin–Salamon–Schwarz isomorphisms in Lagrangian inter-
sections Floer homology.
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1. Introduction
Let L0, L1 be two Lagrangian submanifolds of a symplectic manifold P . We will assume that the
intersection L0 ∩ L1 is transverse. Floer chain groups CF∗(L0,L1) are Z2-vector spaces generated by
the set L0 ∩ L1. Under certain conditions formulated in [2], Floer homology HF∗(L0,L1) for the pair
L0,L1 is defined as the homology group of CF∗(L0,L1) with respect to the boundary operator
∂F :CF∗(L0,L1) → CF∗(L0,L1), ∂F (x) :=
∑
y∈L0∩L1
n(x, y)y,
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(1)


∂u
∂s
+ J ∂u
∂t
= 0,
u(s, i) ∈ Li, i ∈ {0,1},
u(−∞, t) ≡ x, u(+∞, t) ≡ y, x, y ∈ L0 ∩ L1
(modZ2). Floer [1] proved that when P = T ∗M is a cotangent bundle over a compact manifold M , L0 =
OM is a zero section, and L1 = φH1 (L0) a Hamiltonian deformation of L0 Floer homology is isomorphic
to the singular homology of M . In that case the system (1) is equivalent to
(2)


∂u
∂s
+ J (∂u
∂t
− XH(u)) = 0,
u(s, i) ∈ L0, i ∈ {0,1},
u(−∞, t) = φHt ((φH1 )−1)(x),
u(+∞, t) = φHt ((φH1 )−1)(y), x, y ∈ L0 ∩ L1.
System (2) is the “negative gradient flow” of the Hamiltonian action functional AH(γ ) =
∫
γ
p dq −
H dt restricted to the paths with ends on the zero section. We will denote Floer homology groups
HF∗(OM,φH1 (OM)) by HF∗(H). For two Hamiltonians Hα,Hβ the corresponding Floer homology
groups are isomorphic. Fix R0 > 0. Let Hαβ(s, t, x) be a smooth function such that Hαβ(s, t, x) =
Hα(t, x) for s −R0 and Hαβ(s, t, x) = Hβ(t, x) for s R0. The isomorphism
Sαβ :HF∗(Hα) → HF∗(Hβ), Sαβ(xα) =
∑
xβ
n(xα, xβ)xβ
is defined by counting the numbers n(xα, xβ) of the solutions of the system
(3)


∂u
∂s
+ J (∂u
∂t
− XHαβ (u)) = 0,
u(s, i) ∈ L0, i ∈ {0,1},
u(−∞, t) = φHαt ((φHα1 )−1)(xα), u(+∞, t) = φHβt ((φHβ1 )−1)(xβ),
xα ∈ OM ∩ φHα1 (OM), xβ ∈ OM ∩ φHβ1 (OM).
The isomorphisms between Floer and singular homologies is established via Morse theory. Recall that
the Morse chain complex of a Morse function f :M → R is a Z2-vector space CM∗(f ) generated by the
set of critical points of f . Morse homology groups HM∗(f ) are the homology groups of CM∗(f ) with
respect to the boundary operator
∂M :CM∗(f ) → CM∗(f ), ∂M(p) :=
∑
q∈Crit(f )
n(p, q)q,
where n(p,q) this time is the number of solutions of
(4)
{
dγ
dt
+ ∇f (γ ) = 0,
γ (−∞) = p, γ (+∞) = q.
For two Morse functions f α , f β the isomorphism
T αβ :HM∗(f α) → HM∗(f β)
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(5)
{
dγ
dt
+ ∇f αβ(γ ) = 0,
γ (−∞) = pα, γ (+∞) = pβ
(see [15] for details). Morse homology groups HM∗(f ) are isomorphic to singular homology groups
H∗(M;Z2) [7,15].
Any C2-small Morse function f :M → R can be extended to a Hamiltonian Hf :T ∗M → R so that
the intersection points OM ∩ φHf1 (OM) are in one-to-one correspondence with critical points of f and
the solutions of (2) are in one-to-one correspondence with the solutions of (4). Hence we have the iso-
morphisms
H∗(M;Z2) ≡ HM∗(f ) ≡ HF∗(Hf ).
This construction was generalized by Poz`niak [11]. He considers the conormal bundle ν∗N ⊂ T ∗M
of closed submanifold N ⊂ M and the Floer chain complex CF∗(ν∗N,φH1 (OM)). In this case Floer
homology is defined by counting the number of solutions of

∂u
∂s
+ J (∂u
∂t
− XH(u)) = 0,
u(s,0) ∈ OM, u(s,1) ∈ ν∗N,
u(−∞, t) = φHt ((φH1 )−1)(x), u(+∞, t) = φHt ((φH1 )−1)(y),
x, y ∈ ν∗N ∩ φH1 (OM),
and is isomorphic to the singular homology of N . Kasturirangan and Oh [3] generalized this construction
to open subsets U ⊂ M .
Note that the isomorphisms Sαβ and T αβ are defined by counting the numbers of the solutions of
different types of Eqs. (3) and (5). Therefore, it is not obvious whether the diagram
(6)HF∗(Hα) Sαβ HF∗(Hβ)
HM∗(f α) T
αβ
HM∗(f β)
commutes. Commutativity of the this diagram is implicitly used in [5,6]. Similar question in Floer homol-
ogy for periodic orbits is resolved by Piunikhin, Salamon and Schwarz [10]. Instead of the isomorphisms
described above, they consider the isomorphisms defined by counting the intersection numbers of spaces
of perturbed holomorphic spheres and spaces of gradient trajectories. In this paper, we will carry out this
construction for holomorphic discs with Lagrangian boundary conditions.
2. Holomorphic discs and gradient trajectories
Let f :M → R be a Morse function, p ∈ M its critical point, H ∈ C∞c (T ∗M) Hamiltonian,
ϕHt :T
∗M → T ∗M its Hamiltonian flow and x : [0,1] → T ∗M , its Hamiltonian orbit which satisfies
x(0), x(1) ∈ OM . We will always consider only compactly supported Hamiltonians, such that the in-
tersection OM ∩ ϕHt (OM) is transverse. We will denote by mf (p) the Morse index of f at p and by
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is always a half-integer (see [8,12,13] for details).
It is known (see Theorem 5.1 in [8]) that if H = π∗f and if x(t) ≡ p is the constant Hamiltonian orbit
corresponding to the critical point p ∈ M of f , then mf (p) = µH(x) + n2 . Here n = dimM .
Morse homology HMk(f ) is graded by Morse index k = mf (p) of critical points and Floer homology
HFk(H) by k = µH(x) + n2 of Hamiltonian orbits that generate it.
Let R be a fixed positive number. Let ρR : [0,+∞) → R be a smooth function such that
ρR(t) =
{
1, t R + 1,
0, t R,
and letM(p,f ;x,H) be the space of pairs of maps
γ : (−∞,0] → M, u : [0,+∞) × [0,1] → T ∗M
that satisfy
(7)


dγ
dt
= −∇f (γ (t)),
∂u
∂s
+ J (∂u
∂t
− XρRH (u)) = 0,
u(∂([0,+∞)× [0,1])) ∈ OM,
γ (−∞) = p,u(+∞, t) = x(t),
γ (0) = u(0, 12).
Let ρR : (−∞,0] → R be a smooth function such that
ρR(t) =
{
1, t −R − 1,
0, t −R,
and letM(x,H ;p,f ) be the space of pairs of maps
u : (−∞,0] × [0,1] → T ∗M, γ : [0,+∞) → M
that satisfy
(8)


dγ
dt
= −∇f (γ (t)),
∂u
∂s
+ J (∂u
∂t
− XρRH (u)) = 0,
u(∂((−∞,0] × [0,1])) ⊂ OM,
u(−∞, t) = x(t), γ (+∞) = p,
γ (0) = u(0, 12).
See also Fig. 1.
Fig. 1.M(p,f ;x,H) andM(x,H ;p,f ).
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H :T ∗M → R the set M(p,f ;x,H) is a smooth manifold of dimension mf (p) − (µH(x) + n2 ) andM(x,H ;p,f ) is a smooth manifold of dimension µH(x) + n2 − mf (p).
Proof. Let Wu(p,f ) be the unstable manifold of the critical point p of a Morse function f and let
Ws(x,H) be the set of solutions of

∂u
∂s
+ J (∂u
∂t
− XρRH (u)) = 0,
u(∂([0,+∞)× [0,1])) ∈ OM,
u(+∞, t) = x(t).
Then dimWu(p,f ) = mf (p) (see [7]) and dimWs(x,H) = −µH(x) + n2 (see Appendix in [9]). For
generic f , H the evaluation map
e :Wu(p,f )× Ws(x,H) → M × M, (γ,u) 	→ (γ (0), u(0,1/2))
is transversal to the diagonal and therefore M(p,f ;x,H) = e−1(
) is a smooth manifold of codi-
mension n in Wu(p,f ) × Ws(x,H), and hence of dimension mf (p) − µH(x) + n2 − n = mf (p) −
(µH(x) + n2 ). The proof forM(x,H ;p,f ) is analogous. 
The proof of the following proposition is standard, and follows from the Gromov compactness and the
Arzela–Ascoli theorem.
Proposition 2. If f and H are as in Proposition 1 and mf (p) = µH(x) + n2 then M(p,f ;x,H) andM(x,H ;p,f ) are finite sets.
Definition 3. If mf (p) = µH(x) + n2 we denote the (modZ2) cardinal numbers ofM(p,f ;x,H) andM(x,H ;p,f ) by n(p,f ;x,H) and n(x,H ;p,f ) respectively.
3. Isomorphism
Define homomorphisms
φ :CFk(H) → CMk(f ), ψ :CMk(f ) → CFk(H)
by
x 	→
∑
mf (p)=k
n(x,H ;p,f )p, p 	→
∑
µH (x)+n/2=k
n(p,f ;x,H)x
on the generators.
Proposition 4. Homomorphisms φ and ψ are well defined and satisfy
φ ◦ ∂F = ∂M ◦ φ, ψ ◦ ∂M = ∂F ◦ψ.
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ogy and Proposition 2.
LetM(x, y,H) be the set of solution of (2) and letM(p, q,f ) be the set of solution of (4) (modulo
R-action). Assume that µH(y) + n2 = k − 1, µH(x) + n2 = k, mf (p) = k, mf (q) = k − 1.
From compactness and gluing arguments (see, e.g., [4,15,16]) and from the dimensional reasons
(Proposition 1) it follows that
∂M(x,H ;q,f ) =
⋃
µH (y)+n/2=k−1
M(x, y,H) ×M(y,H ;q,f )
∪
⋃
mf (p)=k
M(x,H ;p,f ) ×M(p, q,f ).
This means that the number of broken trajectories in M(x, y,H) ×M(y,H ;p,f ) ∪M(p, q,f ) ×
M(q, f ;x,H) which define the difference φ ◦ ∂F − ∂M ◦ φ is zero, as the number of ends of dim-one
manifold ∂M(x,H ;q,f ) modZ2:
(φ ◦ ∂F − ∂M ◦ φ)(x) =
∑
mf (q)=k−1
( ∑
µH (y)+n/2=k−1
n(x, y,H)n(y,H ;q,f )
)
q
−
∑
mf (q)=k−1
( ∑
mf (p)=k
n(x,H ;p,f )n(p, q,f )
)
q = 0.
Hence φ ◦ ∂F = ∂M ◦ φ, and by the same argument ψ ◦ ∂M = ∂F ◦ ψ . 
Corollary 5. Chain homomorphisms φ and ψ induce homomorphisms
Φ :HFk(H) → HMk(f ), Ψ :HMk(f ) → HFk(H)
in homology.
Theorem 6. Homomorphisms Φ and Ψ are isomorphisms and
(9)Φ ◦ Ψ = Id, Ψ ◦ Φ = Id.
Proof. That Φ and Ψ are isomorphisms will follow from (9). Let us prove (9). By definition φ ◦
ψ :CMk(f ) → CMk(f ) takes the value
φ ◦ ψ(p) =
∑
mf (q)=k
( ∑
µH (x)+n/2=k
n(p,f ;x,H)n(x,H ;q,f )
)
q
on the generator p of CMk(f ) (Fig. 2). Note that
∑
x n(p,f ;x,H)n(x,H ;q,f ) is the number of points
in the set
M(p,f ;x,H) ×M(x,H ;q,f ),
which is, as we sketch below, by compactness and gluing arguments, the boundary component of the set
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M(p, q,f ;H) :=


(γ−, γ+, u,R)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
γ− : (−∞,0] → M, γ+ : [0,+∞) → M,
u :R × [0,1] → T ∗M,
dγ±
dt
= −∇f (γ±),
∂u
∂s
+ J (∂u
∂t
− XρRH (u)) = 0,
γ−(−∞) = p, γ+(+∞) = q,
u(∂(R × [0,1])) ⊂ OM,
u(±∞, t) = γ±(0)


,
where ρR :R → [0,1] is a smooth function such that
ρR(t) =
{
1, |t |R,
0, |t |R + 1
for R > 0. Moreover, by argument similar to [14,16] it can be proved that there exists R0 > 0 such that
there exists a gluing map
ı :M(p,f ;x,H) ×M(x,H ;q,f ) × (−∞,R0] →M(p, q,f ;H).
By Arzela–Ascoli theorem and Gromov compactness and gluing it follows that the boundary of one-
dimensional manifold M(p, q,f ;H) is the union of M(p,f ;x,H) ×M(x,H ;q,f ), ı(M(p,f ;x,
H)×M(x,H ;q,f )×{R0}) and the broken trajectories inM(p, r, f )×M(r, q, f ;H) andM(p, r, f ;
H) ×M(r, q, f ).
More precisely, from Arzela–Ascoli theorem and Gromov compactness it follows that the sequence
(γ n−, γ n+, un,Rn) ∈M(p, q,f ;H) has a C∞loc-convergent subsequence. If it does not have a subsequence
which converges inM(p, q,f ;H), then one of the following four statements must hold:
(1) There is some subsequence that converges to an element inM(p, r, f ) ×M(r, q, f ;H).
(2) There is a subsequence that converges to an element inM(p, r, f ;H) ×M(r, q, f ).
(3) There is a subsequence that converges to an element in M(p, q,f ;H), the set of all (γ−, γ+, u)
such that γ− : (−∞,0] → M , γ+ : [0,+∞) → M , u :R × [0,1] → T ∗M are the solutions of dγ±dt =
∇f (γ±), ∂u∂s + J (∂u∂t − XρR0 (u)) = 0 and u(±∞, t) = γ±(0).(4) There is a subsequence that converges to an element inM(p,f ;x,H) ×M(x,H ;q,f ).
First two cases correspond to ∂M ◦ K and K ◦ ∂M . In this cases the subsequence of Rn is convergent.
In the third case Rn → R0. If Rn → ∞, then the reparametrisations uˆn := un(s − Rn − R0 − 1, t), uˇn :=
un(s + Rn + R0 + 1, t) give rise to the pair of sequences (uˆn, uˇn) which converges to the pair (uˆ, uˇ) that
can be identified with the pair that satisfies the same equations on [0,+∞)×[0,1] and (−∞,0]× [0,1]
such that uˆ(0,1/2) = γ−(0), uˇ(0,1/2) = γ+(0).
Conversely, to each broken object mentioned above, i.e., (γ 1−, γ 2−, γ+, u,R) in M(p, r, f ) ×
M(q, f ;H), (γ−, γ 1+, γ 2+, u,R) in M(p, r, f ;H) ×M(r, q, f ), (γ−, γ+, u,R0) in M(p, q,f ;H),
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Gluing arguments for cases (1) and (2) are completely analogous to Theorem 5 of Section 2.5.2 in [15],
and for case (4) to Section 3.3 in [14]. Consider homomorphisms
(10)F :CMk(f ) → CMk(f ), p 	→
∑
mf (q)=k
n(p, q,f,H)q,
where n(p,q,f,H) is the number of intersections of the space of perturbed holomorphic discs with the
boundary on OM with the unstable manifold Wu(p,f ) and the stable manifold Ws(q,f ), and
K :CMk(f ) → CMk+1(f ), p 	→
∑
mf (q)=k+1
n(p,q,f,H)q,
where n(p,q,f,H) is the number of points in M(p, q,f ;H). Then φ ◦ ψ − F = ∂M ◦ K + K ◦ ∂M ,
i.e., φ ◦ ψ is chain homotopic to F . The homomorphism
HMk(f ) → HMk(f )
induced by the chain map (10) is independent of the choice of Hamiltonian H . Indeed, let H0, H1 be two
Hamiltonians, Hλ, 0  λ  1, the homotopy between them, and F0, F1 the chain homomorphisms that
correspond to H0, H1. Consider the space
Mλ(p, q,f ;Hλ) :=
{
(u, γ1, γ2, λ) | (u, γ1, γ2) ∈M(p, q,f ;Hλ)
}
.
Its dimension is mf (p) − mf (q) + 1 = 1, and its boundary is
∂Mλ(p, q,f ;Hλ) =M(p, q,f ;H0) −M(p, q,f ;H1)
+
⋃
mf (r)=k−1
M(p, r;f ) ×Mλ(r, q, f ;Hλ)
+
⋃
mf (r)=k+1
Mλ(p, r, f ;Hλ) ×M(r, q;f ).
It follows that F1 − F0 = ∂M ◦ K +K ◦ ∂M for
K :CMk(f ) → CMk+1(f ), K(p) =
∑
mf (r)=k+1
n(p, r, f ;Hλ)r,
i.e., F0 and F1 are chain homotopic. Indeed, if
nq := n(p,q,f ;H0) − n(p,q,f ;H1) +
∑
mf (r)=k−1
n(p, r, f )n(r, q, f ;Hλ)
+
∑
mf (r)=k+1
n(p, r, f ;Hλ)n(r, q, f ),
then nq = 0 since this is the number of boundary points of one-dimensional manifoldMλ(p, q,f ;Hλ),
and therefore
F0(p) − F1(p) + ∂M ◦ K(p) +K ◦ ∂M(p) =
∑
mf (q)=mf (p)
nqq = 0.
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p 	→
∑
mf (q)=mf (p)
n(p, q,f,0)q.
But n(p,q,f,0) is the number of intersections of the space of unperturbed holomorphic discs with the
boundary on OM with the unstable manifold Wu(p,f ) and the stable manifold Ws(q,f ). Since every
holomorphic discs with the boundary on OM is constant, n(p,q,f,0) is just the number of points in
Wu(p,f ) ∩ Ws(q,f ). But since mf (p) = mf (q), we have
Wu(p,f )∩ Ws(q,f ) =
{ {p}, p = q,
∅, p = q,
and hence
n(p,q,f,0) =
{
1, p = q,
0, p = q,
and thus (10) is chain homotopic to the identity.
Proof of the second statement in (9) is similar. Again, by gluing and compactness arguments, the chain
homomorphism ψ ◦ φ :CFk(H) → CFk(H) is chain homotopic to the homomorphism
G :x 	→
∑
µH (y)=µH (x)
n(ε;x, y,H ;f )y,
where n(ε;x, y,H ;f )y is the number of points of the space
M(ε;x, y,H ;f ) :=


(u−, u+, γ )
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
u− : (−∞,0] × [0,1] → T ∗M,
u+ : [0,+∞) × [0,1] → T ∗M,
γ : [−ε, ε] → M,
dγ
dt
= −∇f (γ ),
∂u±
∂s
+ J (∂u±
∂s
− XρRH (u±)) = 0,
u−(∂((−∞,0] × [0,1])) ⊂ OM,
u+(∂([0,+∞)× [0,1])) ⊂ OM,
u±(0,1/2) = γ (±ε),
u−(−∞, t) = x(t), u+(+∞, t) = y(t)


.
The induced homomorphism in homology for different ε are chain homotopic. Indeed, let G0,G1 be two
chain homomorphisms corresponding to two values ε0, ε1 and for ε ∈ [ε0, ε1] let
Mε(x, y,H ;f ) :=
{
(u−, u+, γ, ε) | (u−, u+, γ ) ∈M(ε;x, y,H ;f )
}
.
If µH(y) = µH(x) + 1 denote by nε(x, y;H,f ) be the number of points in the zero-dimensional mani-
foldMε(x, y,H ;f ) and let
K :CFk(H) → CFk+1(H), x 	→
∑
µH (y)+n/2=k+1
nε(x, y,H ;f )y.
Then from
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+
⋃
µH (z)=µH (x)−1
M(x, z,H)×Mε(z, y,H ;f )
+
⋃
µH (z)=µH (x)+1
∂Mε(x, z,H ;f ) ×M(z, y,H)
follows that G0 − G1 = K ◦ ∂F + ∂F ◦K .
By letting ε → 0 we get that ψ ◦ φ is chain homotopic to homomorphism
x 	→
∑
µH (y)=µH (x)
n˜(x, y;H),
where n˜(x, y;H) is the number of points in the set
M˜(x, y,H) :=


(u−, u+)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
u− : (−∞,0] × [0,1] → T ∗M,
u+ : [0,+∞) × [0,1] → T ∗M,
∂u
∂s
+ J (∂u
∂t
−XρRH (u)) = 0,
u−(∂((−∞,0] × [0,1])) ⊂ OM,
u+(∂([0,+∞)× [0,1])) ⊂ OM,
u−(0,1/2) = u+(0,1/2),
u−(−∞, t) = x(t), u+(+∞, t) = y(t)


.
Now again, by gluing and compactness, we conclude that ψ ◦ φ is chain homotopic to
(11)x 	→
∑
µH (y)=µH (x)
n(x, y;H)y,
where n(x, y;H) is the number of solutions of (2). Here, in a similar way as before, we consider the
one-dimensional manifold
M(x, y,H) :=

 (R,u)
∣∣∣∣∣∣∣∣
u :R × [0,1] → T ∗M,
∂u
∂s
+ J (∂u
∂t
− XρRH (u)) = 0,
u(∂(R × [0,1])) ⊂ OM,
u(−∞, t) = x(t), u(+∞, t) = y(t)

 ,
and identify its boundary with
MR0(x, y,H) ∪
⋃
z
M(x, z,H)×M(z, y,H)∪
⋃
z
M(x, z,H)×M(z, y,H)∪ M˜(x, y,H).
Here
MR0(x, y,H) :=

u :R × [0,1] → T ∗M
∣∣∣∣∣∣
∂u
∂s
+ J (∂u
∂t
− XρR0H(u)) = 0,
u(∂(R × [0,1])) ⊂ OM,
u(−∞, t) = x(t), u(+∞, t) = y(t)

 ,
and the elements from M˜(x, y,H) come as the boundary elements after the same reparametrisation as
in the proof of Theorem 6. Since µH(x) = µH(y), by dimensional reasons,
n(x, y;H) =
{
1, x = y,
0, x = y,
and thus homomorphism (11) is the identity. 
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Consider the chain homomorphisms
ψα :CMk(f
α) → CFk(Hα), φβ :CFk(Hβ) → CMk(f β),
σ αβ :CFk(H
α) → CFk(Hβ), ταβ :CMk(f α) → CMk(f β)
introduced above. They induce the isomorphisms
Ψ α :HMk(f
α) → HFk(Hα), Φβ :HFk(Hβ) → HMk(f β),
Sαβ :HFk(H
α) → HFk(Hβ), T αβ :HMk(f α) → HMk(f β).
Theorem 7. Diagram
(12)HF∗(Hα) S
αβ
HF∗(Hβ)
HM∗(f α)
Ψ α
T αβ
HM∗(f β)
Ψ β=(Φβ)−1
commutes.
Proof. We want to prove that
(13)Sαβ ◦ Ψ α = Ψ β ◦ T αβ.
Let f αβ be the homotopy connecting f α and f β and let Hαβ be the homotopy connecting Hα and Hβ .
Chain homomorphism σαβ ◦ ψα is obtained by counting the numbers of points in the sets
M(pα, f α;xα,Hα) ×M(xα, xβ,Hαβ),
whereM(xα, xβ,Hαβ) is the set of the solutions of (3), and chain homomorphism φβ ◦ ταβ by counting
the numbers of points in the sets
M(pα,pβ, f αβ) ×M(pβ, f β;xβ,Hβ),
where M(pα,pβ, f αβ) is the set of the solutions of (5), where mfα(pα) = n/2 + µHαβ (xα) = n/2 +
µHαβ (x
β) = k. By gluing and compactness argument similar to the ones used before, σαβ ◦ ψα and
ψβ ◦ ταβ are chain homotopic to the chain homomorphisms ϑ and ϕ obtained by counting the num-
bers of points inM(pα, f α;xβ,Hαβ) andM(pα, f αβ;xβ,Hβ) respectively. Let (f αβλ ,Hαβλ )0λ1 be a
homotopy connecting (f αβλ ,H
αβ
λ )|λ=0 = (f α,Hαβ) and (f αβλ ,Hαβλ )|λ=1 = (f αβ,Hβ). Consider the set
Mλ(pα, f αβλ ;xβ,Hαβλ ) :=


(γ,u,λ)
∣∣∣∣∣∣∣∣∣∣∣∣∣
γ : (−∞,0] → M,
u : [0,+∞) × [0,1] → T ∗M,
dγ
dt
= −∇f αβλ (γ ),
∂u
∂s
+ J (∂u
∂t
−X
ρRH
αβ
λ
(u)) = 0,
u(∂([0,+∞)× [0,1])) ⊂ OM,
γ (0) = u(0,1/2)


.
226 J. Katic´, D. Milinkovic´ / Differential Geometry and its Applications 22 (2005) 215–227Then dimMλ(pα, f αβλ ;xβ,Hαβλ ) = mfαβ (pα) − (µHαβ (xβ) + n/2) + 1. If mfαβ (pα) = µHαβ (xβ) + n/2
then the boundary of one-dimensional manifoldM(pα, f αβλ ;xβ,Hαβλ ) is
∂Mλ(pα, f αβλ ;xβ,Hαβλ ) =
⋃
mfα (r
α)=mfα (pα)−1
M(pα, rα;f α) ×Mλ(rα, f αβλ ;xβ,Hαβλ )
+
⋃
µ
Hαβ
(yβ)=µ
Hαβ
(xβ)+1
Mλ(pα, f αβλ ;yβ,Hαβλ ) ×M(yβ, xβ,Hβ)
+M(pα, f αβ;xβ,Hβ) −M(pα, f α;xβ,Hαβ).
The chain map obtained by counting boundary components ofMλ(pα, f αβλ ;xβ,Hαβλ ) defines the chain
homomorphism ϑ − ϕ + K ◦ ∂M − ∂F ◦ K for the chain homomorphism K :CMk−1(f α) → CFk(Hβ)
defined by
K(pα) :=
∑
µ
Hβ
(xβ)+n/2=k
n(pα, f
αβ
λ ;xβ,Hαβλ )xβ.
Therefore, ϑ and ϕ (and hence σαβ ◦ ψα and φβ ◦ ταβ ) are chain homotopic. This proves (13). 
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